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A B S T R A C T

Sap flow sensors measure the movement of sap (Js, sap flux density) at discrete points within a tree trunk. 
Upscaling these measurements to estimate the water consumption of an entire tree (SF, whole-tree sap flow) 
typically requires assuming the trunk’s cross section is perfectly circular. This assumption will overestimate the 
area and underestimate the perimeter of a real trunk’s cross section. But how might it bias sap flow estimates in 
trees with irregularly shaped trunks?

We digitized trunk cross sections from Pisonia grandis, a tropical canopy tree that exhibits diverse trunk shapes, 
and compared sap flow from the traditional circular model (SFcirc) to a spatially explicit reference model (SFref) 
for a wide array of radial sap flux density profiles. Depending on the profile, we found that the circular 
assumption may underestimate sap flow by more than 25% or overestimate it by over 50% in the most irregular 
Pisonia trunks.

To mitigate these biases, we recommend measuring a trunk’s perimeter in addition to its diameter at breast 
height (DBH). These measurements enable the calculation of the trunk’s perimeter convexity (cp), which strongly 
predicted sap flow bias in Pisonia (r2 = 0.961) from the circular trunk assumption. Simulations show that for 
radial sap flux profiles typical of dicots, bias should remain within ±5% when cp ≥ 0.96. For trees with cp < 0.96, 
we introduce two new upscaling models that can significantly decrease sap flow biases. The most sophisticated 
model reduced bias to within ±5% for 31 of 33 tested trees with cp values as low as 0.68 and requires just one 
additional field measurement, the depth of the deepest trunk concavity. These corrected sap flow models are 
available in a new R package, sapscaleR.

1. Introduction

Measurements of sap flux density (Js, sometimes called sap velocity1) 
are commonly used to estimate the water consumption rates of woody 
plants. Sap flow sensors produce these measurements at discrete points 
within the trunk, meaning they must be integrated across the cross- 
sectional area of the trunk (A0) to reflect the total volumetric flow of 
water through the plant (SF, whole-plant sap flow)(Edwards et al., 
1996).

Trunk area is typically approximated with a taut tape stretched 
around the trunk 1.3 m above the ground. Scaling the tape length by 1/π 
provides the diameter at breast height (DBH); dividing DBH by two 
yields a radius from which a circular area can be calculated.

DBH-derived estimates of trunk area thus assume a trunk’s cross 
section is a perfect circle. We term this assumption the circular trunk 
assumption. But DBH measurements actually record the trunk’s convex 
hull perimeter (Ph), and trunk areas calculated from these measurements 
represent a circle with a circumference equal to Ph.

The ease of measuring DBH has made it a standard metric of tree size. 
But the implicitly assumed circle will always underestimate the perim
eter (P0) of a non-convex trunk cross section and overestimate the area 
of any cross section that is not perfectly circular.

For many species, the circular trunk assumption is reasonable and 
the resulting errors negligible. However, tropical forest trees feature 
root buttresses and irregular trunk morphologies much more frequently 
than those growing at higher latitudes (Hallé et al., 1978; Smith, 1972). 
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1 We follow Steppe et al. (2010) assertion that the use of heat pulse velocities to quantify sap transport results in units of volumetric flux density [L3 L− 2 T− 1] rather 
than units of velocity [L T− 1]. The choice of units does not affect the mathematics presented in this paper.
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In some tropical forests, as many as 32% of individuals and 68% of 
species feature root buttresses (He et al., 2013). The application of the 
circular trunk assumption to such complex tree morphologies warrants 
closer examination.

We first ask: how problematic might it be to assume that tree trunks are 
perfectly round? In extreme cases, the circular trunk assumption can 
overestimate trunk area by over 400% (Nogueira et al., 2006) and un
derestimate trunk perimeter by 35% (Dean et al., 2003). Even so, esti
mates of sap flow created by upscaling sap flux density measurements 
universally rely upon the circular trunk assumption, and to our knowl
edge no study has examined the downstream effects of these geometric 
errors on sap flow estimates. Clearly significant biases are possible, but 
their magnitude and direction will depend on the trunk’s shape and 
distribution of sap flux.

We next ask: for irregular trunks whose assumed-circle sap flow 
(SFcirc) is intolerably biased, how can sap flow be accurately estimated from 
sap flux density measurements? The traditional formula for integrating a 
flux over a circular area (Edwards and Warwick, 1984; Green and 
Clothier, 1988) no longer applies. Sap flow sensors might be installed 
above root buttresses to access a more circular trunk section, but many 
tropical trees (including the species studied here) feature irregular trunk 
shapes well above the ground. Installing sensors at elevated positions 
also may not always be possible or practical.

In this study we approach both questions using 33 digitized trunk 
cross sections from Pisonia grandis R.Br. (Nyctaginaceae), a dominant 
canopy tree in tropical atoll forests (Burnett et al., 2024; Wiens, 1962). 
Pisonia exhibits a wide range of trunk morphologies due to its buttressed 
roots, low branching habit, and tendency for inosculation and limb 
fusing (Cribb, 1969). Pisonia trees grow quickly and fall frequently 
because of their soft wood, but fallen logs rapidly produce new shoots 
that can fuse to create highly irregular trunk shapes (Burger, 2005). The 
largest individuals can attain heights of 25 m and DBHs of 3.5 m 
(Batianoff, 1999; Rock, 1916; Walker, 1991).

To estimate the sap flow bias that results from the circular trunk 
assumption, we compare SFcirc to reference sap flow (SFref) estimates 
modeled spatially within each digitized cross section. By simulating a 
wide array of radial sap flux density profiles, we derive the full range of 
sap flow biases possible for each trunk, illuminating the relationships 
between trunk shape, sap flux distribution, and sap flow bias.

We next attempt to correct SFcirc for irregular trunk cross sections, 
deriving theoretical (SFsteiner) and semi-empirical (SFcorr) formulae for 
estimating sap flow with minimal additional field measurements. We 
then test these models using sap flux density data from heat pulse ve
locity sap flow sensors deployed on Tetiʻaroa Atoll, French Polynesia.

Finally, we propose a workflow for future sap flow studies of irreg
ular tree trunks (Fig. 1). It requires only 1–2 additional field measure
ments (trunk perimeter and deepest concavity depth), can be applied to 
any radial sap flux density profile, and is based primarily on the trunk’s 
perimeter convexity (cp), an intuitive metric of complexity (Zunic and 
Rosin, 2004).

2. Theory

In this section we review the traditional circular method for 
upscaling sap flux density measurements to whole-tree sap flow, 
investigate the mechanisms by which this method may become biased in 
irregular trunks, and explore alternative upscaling approaches that do 
not rely upon the circular trunk assumption.

2.1. Within-trunk spatial variability of sap flux density (Js)

The problem at hand is to upscale sap flux density Js, the volumetric 
flux density per cross-sectional area of sapwood [L3 L-2 T-1], to whole- 
tree sap flow SF, a volumetric flowrate [L3 T− 1], by multiplying by the 
cross-sectional area A0 [L2] (Marshall, 1958).

For the present study we ignore temporal variations in sap flux 

density (Caylor and Dragoni, 2009) to instead focus on its spatial vari
ability within a tree’s trunk.

This spatial variability can be separated into radial (from the cam
bium to the trunk center) and azimuthal/circumferential (in different 
directions around the trunk center) components. Radial sap flux density 
profiles (“sap flux profiles” for brevity) are commonly measured using 
probes with temperature sensors installed at multiple depths in the 
trunk, but azimuthal variability is less frequently quantified and usually 
ignored despite being comparable in magnitude to radial variability 
(López-Bernal et al., 2010; Lu et al., 2000; Merlin et al., 2020; Shinohara 
et al., 2013).

A common sampling strategy involves installing one sensor per tree 
across more individual trees rather than instrumenting fewer individuals 
with multiple sensors, essentially capturing the azimuthal variability of 
sap flux density within the tree-to-tree variability while still quantifying 
radial variability (Komatsu et al., 2017). In this study we adopt the 
assumption of azimuthally constant sap flux densities to remain 
consistent with this practice and clarify the calculation of sap flow.

2.2. The circular method for estimating sap flow (SFcirc)

Under the circular trunk assumption, a trunk’s cross section is the 
circle whose circumference equals the convex hull perimeter, Ph. This 
assumption enables a simple integral method for upscaling radial sap 
flux profiles to SFcirc using DBH data (Caylor and Dragoni, 2009; 
Edwards and Warwick, 1984; Green and Clothier, 1988).

Consider a perfectly circular trunk cross section (the assumed circle) 
with radius Rcirc and circumference P0 = 2πRcirc. Let r denote the relative 

Fig. 1. Flowchart illustrating the proposed workflow for estimating sap flow in 
irregular trunks.
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radial depth from the circle’s edge (r = 0) toward its center (r = 1) and 
Js(r) the sap flux density at depth r.

To produce SFcirc, we must integrate the radial sap flux density 
function Js(r) over the trunk area. Conceptually, one can picture this 
process as dividing the assumed circle into many thin nested annuli, 
multiplying the area of each annulus by its average local Js to estimate its 
annular volumetric sap flow, and summing all annular sap flows to 
produce whole-tree sap flow SF (Fig. 2).

Eq. (1) is the integral form of this summation as presented in Link 
et al. (2020). Functionally, the (1 − r) term in the integrand reflects 
the linear decay of annulus areas with increasing r—a special property of 
circles. The 2πRcirc

2 prefactor scales the dimensionless annular area term 
(1 − r) to proper spatial units. A more detailed derivation of SFcirc may be 
found in Appendix A. 

SFcirc = 2πRcirc
2
∫1

0

Js(r)(1 − r)dr (1) 

2.3. Correcting SFcirc for use in non-convex trunks

Now consider a non-convex cross section of a tree trunk. Its assumed 
circle is the circle whose circumference equals the trunk’s convex hull 

perimeter, Ph. Thus, the trunk’s true perimeter, P0, is longer than that of 
its assumed circle (Pcirc). Its area, A0, is smaller than that of its assumed 
circle (Fig. 3).

Notice that in Fig. 3, the trunk’s outermost annulus is larger by area 
than the circle’s outermost annulus (darkest blue layers), but that the 
trunk’s inner annuli (light blue layers) are much smaller than their 
circular counterparts. While the trunk’s longer perimeter leads to larger 
shallow annuli than in the assumed circle, its concavities produce 
extensive areas of self-intersection when the shape is eroded, leaving 
deeper annuli smaller than those of the circle.

Annular areas in a non-convex polygon decay linearly with r until the 
depth at which significant topological changes (self-intersections) first 
occur. These topological changes cause deviations from Steiner’s 
formulae (Gray, 2004), which relate the perimeters and areas of parallel 

offset (eroded) sets and form the basis of SFcirc (see Appendix A). Once 
induced, such topological changes accelerate the decay of annular areas 
with r.

But for sufficiently shallow depths (i.e. where r is smaller than the 
shallowest depth of major topological changes), SFcirc can be modified 
with perimeter convexity cp = Ph/P0 (Zunic and Rosin, 2004) to produce 
SFsteiner (Eq. (2)), which appropriately expands shallow annulus areas 
and steepens their decay as r increases: 

SFsteiner =
2πRcirc

2

cp

∫1

0

Js(r)
(
1 − cpr

)
dr (2) 

But how shallow is sufficiently shallow to use SFsteiner? We designate 
the relative depth of the shallowest significant topological changes 
rsteiner. In other words, Steiner’s formulae are valid even in non-convex 
polygons for r ≤ rsteiner, meaning SFsteiner (Eq. (2)) will accurately esti
mate sap flow if Js(r) is mostly zero for r > rsteiner.

Therefore, SFsteiner is valid for trunks in which sap transport is 
confined to shallow depths. This condition is true for many dicot trees, 
but there exist exceptions (Berdanier et al., 2016; Link et al., 2020). If a 
tree exhibits significant sap transport deeper than rsteiner, an expanded 
sap flow model that characterizes annular areas across the full range of r 
is needed.

To create such a model, we must account for another transition in the 
annuli produced by eroding the trunk. Notice that when dividing the 
trunk cross section and its assumed circle into nested annuli of consistent 
thickness, the real trunk produces far fewer annuli than does the circle 
(Fig. 3). This fact stems from the circular trunk assumption—r is always 
defined by Rcirc, which is a theoretical depth that will never be reached 
by the erosion of a non-circular polygon. The depth to which annuli of 
equal thickness can be nested within a polygon is determined by the 
radius of the largest possible inscribed circle (Rin). In other words, once r 
reaches rin= Rin / Rcirc, annular areas drop to zero.

Fig. 4a depicts annular areas (normalized to the outermost annulus 
area of the assumed circle) from real, non-convex tree trunks as a 
function of r. Three domains become apparent: the near-linear domain 
approximated by SFsteiner, a domain of steeper decay once rsteiner is 
crossed, and a domain where annular areas equal zero once rin is crossed 
(Fig. 4b). In the middle domain, annular areas decrease monotonically 
to zero. By assuming this decrease is linear, we produce a piecewise 
integral model we designate SFcorr (Eq. (3)):  

Obviously, applying Eq. (3) requires knowledge of rin and rsteiner. 
These depths cannot be computed from simple geometric properties of a 
tree trunk, so we empirically model them using our 33 digitized Pisonia 
grandis trunks (see Sections 3.4.3,4.3).

More detailed derivations of Eqs. (1)-(3) are available in Appendix A.

2.4. Summary: sources of bias in SFcirc

In summary, sap flow estimation biases resulting from the circular 
trunk assumption can be attributed to three effects: 

1. In non-convex trunk cross sections, the true perimeter is greater than 
the hull perimeter. Annular areas at shallow depths are thus greater 

Fig. 2. A theoretical circular trunk cross section and its radial Js profile (left). 
Whole-tree sap flow can be approximated by partitioning the circle into nested 
annuli of equal thickness and summing their areas, with each weighted by its 
respective Js (right). Darker shades of blue denote greater Js; annuli with no sap 
flux (heartwood) are drawn with grey dashed lines.

SFcorr =
2πRcirc

2

cp

⎛

⎜
⎝

∫rsteiner

0

(
1 − cpr

)
Js(r) dr +

∫rin

rsteiner

(
1 − cprsteiner

) rin − r
rin − rsteiner

Js(r) dr

⎞

⎟
⎠ (3) 
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than those of the assumed circle, leading to an underestimation of 
sap flow at these depths by SFcirc.

2. Drawing nested, constant-thickness annuli on irregular or non- 
convex shapes results in self-intersections that collapse annular 
areas when r > rsteiner. Beyond rsteiner, annular areas are smaller than 
those of the assumed circle (Fig. 4a), leading to overestimation of 
sap flow at these depths by SFcirc.

3. On an irregular cross section, the deepest annulus is only as deep as 
the incircle radius (rin). For relative depths beyond rin, annular areas 
are 0, leading to overestimation of sap flow at these depths by SFcirc.

3. Methods

3.1. Digitizing trunk cross sections

33 Pisonia grandis trees were haphazardly selected from Reiono and 
Tahuna Iti islets of Tetiʻaroa Atoll, French Polynesia (17◦S 149.55◦W). 
The sampled trees featured a wide range of DBHs and trunk forms.

To create digital representations of their trunk cross sections, we 
created trunk casts at 1.3 m height using 1 mm electrical wire 
(Ngomanda et al., 2012). Multiple lengths of wire were used on each tree 
and reassembled atop a flat surface with a printed regular grid of 4 cm2 

cells before being photographed from above.
We then orthorectified each image using the Georeferencer tool in 

QGIS 3.42.3. At least 9 control points were placed on visible grid points 
in each image and used to perform a thin plate spline transformation, 
correcting distortions in the wire cast photos.

Vectorized polygon representations of each orthorectified cross 
section (Fig. 5) were created using the Raster Tracer version 0.3.3 QGIS 
plug-in (Kondratyev, 2023). The resulting polygons were then 
re-sampled with 2 mm spacing along the boundary to ensure comparable 
scale relationships for all trees and smoothed slightly with Chaikin’s 
algorithm (iterations = 1, offset = 0.5) to remove noise from the raster 
tracing (Chaikin, 1974).

Geometric properties were derived from these polygons and their 
assumed circles (Rcirc = Ph / 2π) using the lwgeom (Pebesma, 2025) and 
sf (Pebesma, 2018; Pebesma and Bivand, 2023) packages in R 4.5.0 (R 
Core Team, 2025).

3.2. Spatial estimation of reference sap flow (SFref)

In lieu of transpiration validation data, we compare integral-based SF 
estimates to reference SF (SFref) estimates modeled spatially from the 
trunk cross sections. By applying sap flux distributions to spatial ero
sions of these cross sections, SFref represents the theoretical SF that re
sults from assuming negligible azimuthal variation in sap flux density 
and that radial sap flux profiles are measured perpendicularly to the 
trunk perimeter. These assumptions, though significant, are consistent 
with standard sap flow measurement practices (Komatsu et al., 2017).

While Eqs. (1)-(3) may be used with any Js(r) distribution, we follow 
Caylor & Dragoni (2009) and model the radial variability of sap flux 
density with a beta distribution. Beta distributions can flexibly model 
unimodal distributions using two shape parameters, making them a 
good candidate for approximating the sap flux profiles commonly found 

Fig. 3. Left: a non-convex Pisonia grandis trunk cross section and its assumed circle. The convex hull perimeter Ph is displayed with a red dashed line; the circle’s 
circumference Pcirc = Ph. On the right are both shapes eroded into nested annuli of equal thickness. The largest possible inscribed circle radius (Rin) is displayed in the 
trunk cross section; annuli with depths beyond Rin are displayed in the SFcirc model as grey dashed lines. The deepest concavity depth (hmax) is also displayed 
for reference.
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in dicot trees (Link et al., 2020). We adopt the reparameterization used 
by Link et al. (2020) to define the beta distribution using shape pa
rameters µ = α/(α+β) (the mean relative depth of the distribution) and 
K = α+β (a concentration parameter describing the narrowness of the 
distribution’s peak)(Ferrari and Cribari-Neto, 2004).

SFref was calculated for a trunk shape by incrementally eroding the 
polygon (Minkowski subtraction) using the st_buffer function of R 
package sf (Pebesma, 2018; Pebesma and Bivand, 2023). We use a 
constant offset increment (annulus width) of 0.5 mm, noting that in
crements of 0.3 and 0.7 mm produced negligible downstream differ
ences in SFref. The area of each annulus was multiplied by the sap flux 
density midway between the inner and outer annulus boundaries; 
summing these annular sap flow values produced SFref.

3.3. Modeling potential SFcirc biases

To investigate the range of possible biases from applying the circular 
trunk assumption to trees with complex trunk morphologies, we simu
lated a grid of 24,120 beta distributions of sap flux density with 201 µ 
values linearly spaced across [0,1] and 120 K values log-spaced across 
[1,50].

For all 33 trunks, SFref was calculated for every (µ, K) combination 
using the spatial erosion method detailed above. SFcirc, SFsteiner, and SFcorr 
were estimated with Eqs. (5), (6), and (9), respectively. Sap flow bias 
(BiasSF, Eq. (4)) was then plotted across the µ-K grid, revealing the range 
of biases possible for trees of diverse trunk convexities and sap flux 
profiles: 

BiasSF =
SFcirc/steiner/corr − SFref

SFref
(4) 

3.4. Correcting SF models using field measurements

3.4.1. Spatially estimating rin and rsteiner from digitized trunk cross sections
The relative inscribed circle radius, rin, of each cross section was 

estimated as the total offset distance separating the outer boundary of its 
deepest eroded polygon from its original boundary.

We approximated the relative depth of topological change, rsteiner, as 
the relative depth at which the measured dimensionless annular area of 
a trunk cross section diverges from the annular areas predicted by 
Steiner’s formulae (Eq. (A17)) by 0.02 units—an arbitrary threshold that 
appeared to place rsteiner accurately across the wide variety of trunk 
shapes in our sample (Figure S4). A sensitivity analysis found that 
adjusting this threshold by 0.01 in either direction changed SFcorr esti
mates by <1% in all 33 trunks (see Supplement 6).

3.4.2. Deepest concavity depth (hmax) and DBH-normalized hrel
To facilitate the application of SFcorr to new study systems, we set out 

to build predictive models of rin and rsteiner using only measurements that 
are relatively easy to collect in the field. In addition to perimeter and 
convex hull perimeter (by way of DBH), we evaluated the predictive 
power of the deepest concavity depth (hmax). hmax is the greatest exterior 
distance between the trunk and its convex hull as measured perpen
dicularly inward from the hull (Fig. 3), meaning it can be measured with 
a ruler while a DBH tape is pulled taught around the trunk.

We hypothesized that the deepest concavity depth would comple
ment perimeter convexity by encoding information on a trunk’s distri
bution of concavity—a larger hmax suggests the trunk features fewer, 
larger concavities while a smaller hmax indicates the trunk features more, 
smaller concavities. We divide hmax by DBH to create the dimensionless 
hrel.

3.4.3. Predicting rin and rsteiner from field measurements
We tested linear and beta (with logit link function) regression models 

predicting rin and rsteiner from cp and hrel. These dimensionless metrics 
make the models sensitive to a trunk’s shape rather than its overall size. 

Fig. 4. a. Plots of 33 trunks’ annular areas as functions of relative depth 
(dimensionless distance from the cambium at r = 0 to Rcirc at r = 1). Annular 
area is normalized to the area of the outermost annulus of each trunk’s assumed 
circle. The black dashed − 1:1 line represents relative annular areas for a perfect 
circle. Each data series represents one tree, with colors displaying that tree’s 
convexity (cp). Each function’s y-intercept equals the inverse of cp, and the 
initial approximately linear slope equals negative cp until rsteiner is reached. The 
circular assumption underestimates annular areas until the function crosses the 
− 1:1 line, at which point it overestimates annular areas. Annular areas collapse 
to 0 once the inscribed circle radius (rin) is reached. b. Selected trunk cross 
sections and a perfect circle eroded to progressively greater values of r, 
demonstrating the total collapse of the polygons after rin. cp is reported for each 
cross section.
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In this way, the model should generalize more effectively to other tree 
species.

Linear and beta regressions were performed using the lm function 
and betareg package (Cribari-Neto and Zeileis, 2010) in R, respectively. 
Linear regressions used logit-transformed dependent variables to ensure 
predictions in (0,1). Evaluated models included independent variable 
transformations (none, ln, logit); 10-fold cross-validated RMSE was used 
to select the most accurate model family, and AIC corrected for small 
sample sizes (AICc) was used for within-family model comparison. 
Models with the lowest AICc were deemed the most parsimonious unless 
a model with fewer parameters produced an AICc within 2.0 of the 
lowest AICc.

3.5. Tree-level biases of SFcirc in Pisonia grandis

We calculated SFref, SFcirc, SFsteiner, and SFcorr for 33 Pisonia grandis 
trees using in-situ sap flux density measurements to demonstrate the 
magnitude of the assumed circle bias, and our ability to correct it, in real 
trees.

Sap flux profiles were not conserved across tree sizes. Rather, the 
total width of active sapwood was found to vary nonlinearly with DBH 
(Figure S1), and the shape of the sap flux profile within this active depth 
range was relatively stable across tree sizes (Figure S2).

In light of this observation, no global sap flux profile could be applied 
to all trees using relative depths, nor could any sap flux profile be 
applied to all trees using absolute depths (as would be possible if the 
depth of active sapwood was constant across tree sizes). We thus rep
arametrized SFref, SFcirc, SFsteiner, and SFcorr to use a beta distribution 
modeling sap flux density within the active sapwood only (see Section 
3.5.3).

3.5.1. Sap flux density measurements
15 of the 33 Pisonia on Tetiʻaroa were instrumented with heat pulse 

velocity sap flow sensors following the design of Beslity et al. (2022). 
Probes were thermal epoxy-filled 16-gauge steel needles, 5 or 10 cm 
long, with four thermistors (3BT103R44T1A, North Star Sensors, 
Oceanside, CA) located at various depths within the probes. 5 s heat 
pulses dissipated 6 to 10 J every 30 min; temperatures were measured 
every half-second starting 10 s before the heat pulse and continuing for 
100 s after. Probes were spaced 7 mm apart using a 1-inch-thick steel 
drill guide with the line of probes oriented parallel to the trunk.

Six months of sap flux data were collected between January and June 
2024. 13 of the 15 instrumented trees were cored to estimate the radial 
profiles of wood density and moisture content in Pisonia, which were 
then used to estimate the thermal diffusivity of the wood surrounding 
every thermistor (Vandegehuchte and Steppe, 2012). Diffusivity 
increased slightly with depth and averaged about 0.0021 cm2 s− 1.

We then used the heat ratio method (Burgess et al., 2001) to estimate 
the sap flux density at each thermistor depth during every heat pulse. 
Sap flux density remained well within ±36 cm3 cm− 2 s− 1, the heat ratio 
method’s range limits for the observed diffusivity range (Forster, 2019), 
throughout the measurement period. To address probe misalignments, a 
zero-flow correction was implemented using a rolling 5-day mean of 
measurements between 2:00 and 4:30 am.

3.5.2. Sapwood depth measurements
Even with 10 cm probes, our sensors could only measure sap flux 

density at relatively shallow depths (i.e. at low r) on the largest trees. To 
better constrain our radial sap flux density profiles, we collected incre
ment cores from 24 of the 33 sampled Pisonia and used the thermal 
imaging method of Gerchow et al. (2023) to estimate maximum 
sapwood depth (dsw), i.e. the depth at which sap transport ceases. As 
recommended by Gerchow et al. (2023), a heat gun was used to enhance 
evaporation from the cores. The 24 cored individuals were then used to 
linearly regress dsw against centered, log-transformed DBH with r2= 0.36 
(Eq. S1.1). This model was then used to predict dsw for all 33 trunks.

3.5.3. Modeling sap flow in Pisonia grandis
dsw showed a nonlinear relationship with DBH, plateauing in larger 

trees (Figure S1). This finding mirrors the observation of Link et al. 
(2020) that taller tropical trees feature narrower sap flux density pro
files that peak relatively closer to the cambium.

Consequently, no single radial sap flux density profile could be 
applied to the sampled Pisonia—the profile must be “compressed” on 
large trees and “stretched” on small trees. Unlike the simulations 
detailed in Section 3.3, in which sap flux profiles reached from the 
cambium to the theoretical center of the assumed circle, the sap flux 
profiles for Pisonia were defined using beta distributions between the 
cambium and dsw.

To achieve this flexibility, we modeled sap flux density profiles in 
terms of z, the relative depth to dsw (see Supplement 2). We thus rep
arametrized Eqs. (1) and (2) such that r = pz and dr = p dz; in other 

Fig. 5. 33 Pisonia trunk shapes photographed from wire casts, orthorectified, and resampled with 2 mm-spaced points. Colors indicate perimeter convexity (cp). 
Shapes marked with an “X” feature cp < 0.96, the proposed threshold above which SF bias is typically within ±5%.
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words, p is a scalar relating the relative depth to dsw, z, to the relative 
depth to Rcirc, r: 

SFcirc = 2πR2
circ p

∫1

0

(1 − pz)Js(z) dz (5) 

SFsteiner =
2πR2

circ p
cp

∫1

0

(
1 − cppz

)
Js(z)dz (6) 

We model Js(z) with a beta distribution peaking toward the cambium 
(µ = 0.348, K = 3.66; Figure S2). For any Js distribution that integrates to 
1 over [0,1], the closed forms2 of Eqs. (5) and (6) are: 

SFcirc = 2πR2
circ ∗ p(1 − pμ) (7) 

SFsteiner =
2πR2

circ ∗ p
(
1 − cppμ

)

cp
(8) 

SFcorr was estimated using the z-parametrized form3 of Eq. (3), with 
rsteiner and rin predicted by the most parsimonious regression models from 
Section 3.4.3:  

SFref was generated using the erosion method detailed in Section 3.2
with the global Js(z) beta distribution for Pisonia. SFref uncertainty was 
propagated from dsw(DBH) and the standard errors associated with µ and 
K for Pisonia’s Js(z) beta distribution (see Supplement 2).

For SFcirc, SFsteiner, and SFcorr, uncertainty from dsw(DBH), Js(z), rin(cp, 
hrel), and rsteiner(cp) were propagated wherever relevant, with beta 
regression variances arising from both coefficient standard errors and 
precision parameters.

4. Results

4.1. How much bias can result from the circular trunk assumption?

Simulations suggest large biases are possible when applying SFcirc to 
cross sections with low perimeter convexity and/or sap flux profiles 
concentrated in the inner trunk (large µ and, to a lesser extent, small K; 
see Fig. 6). The sign of the bias depends strongly on the mean (µ) of the 
beta distribution used to model Js(r); in extremely low-convexity trunks, 
a ~20% shift in µ could swing SFcirc bias from − 25% to +50%.

4.2. Performance of two corrected sap flow models (SFsteiner and SFcorr)

Compared to SFcirc, SFsteiner tends toward overestimating sap flow 
(Fig. 7a versus Fig. 6). Accuracy improvements over SFcirc are modest for 
most Js(r) distributions, and in some cases SFsteiner performs worse than 
SFcirc. Meanwhile, SFcorr outperforms both SFcirc and SFsteiner across a 
wide range of Js(r) profiles and trunk shapes, with most shallow-peaked 
profiles featuring bias <5% in all but the least convex trunks (Fig. 7b).

4.3. Predicting rsteiner and rin in non-convex trunk cross sections

In our sample of 33 trunk cross sections, we were able to predict the 
depth of topological collapse (rsteiner) from trunk convexity (cp) with 
relatively low error (cross-validated RMSE of 0.076, or 7.6% of the 
distance from the cambium to Rcirc). Contrary to our hypothesis, models 
with the relativized deepest concavity depth (hrel = hmax / DBH) included 
did not show meaningful improvements in performance (Table 1). Beta 
regressions proved more accurate than linear regressions. The model 
with the lowest AICc (Eqs. (10), (11)) is plotted in Fig. 8a. 

logit(rsteiner) = 0.634 × logit
(
cp
)
− 2.885 (10) 

rsteiner =
1

1 + e2.885− 0.634 × logit(cp)
(11) 

Standard errors for the cp coefficient and intercept are 0.040 and 
0.205, respectively. The precision parameter was estimated at 20.728 

±7.257.
We were also able to predict the inscribed circle radius (rin) with high 

accuracy from cp and hrel (cross-validated RMSE of 0.055, or 5.5% of the 
distance from the cambium to Rcirc; see Table 2). Beta regressions again 
proved more accurate than linear regressions. The rin model with the 
lowest AICc (Eqs. (12), (13)) is plotted in Fig. 8b. 

logit(rin) = 0.297 × logit
(
cp
)
− 1.767 × hrel + 0.303 (12) 

rin =
1

1 + e1.767 ×(hmax/DBH)− 0.297 × logit(cp)− 0.303
(13) 

Standard errors for the cp coefficient, hrel coefficient, and intercept 
are 0.049, 0.770, and 0.293, respectively. The precision parameter was 
estimated at 58.474±14.376.

In the case of rin, including hrel improved overall model accuracy only 
modestly, but significant improvements are visible at low cp (Fig. 8b), so 
we believe hrel should be included when modeling rin in highly complex 
trunks. We provide the best performing cp-only model in Supplement 3.

4.4. Tree-level SF biases in Pisonia grandis

SFcirc features strong negative biases relative to SFref in Pisonia 
grandis, with biases reaching − 5% once trunk convexity drops below 
0.96 and − 25% once convexity reaches 0.68 (Fig. 9). SFcirc’s bias 
featured a strong positive linear correlation with trunk convexity (r2=

0.961).

SFcorr =
2πR2

circ p
cp

⎛

⎜
⎜
⎜
⎜
⎜
⎝

∫
rsteiner

p

0

(
1 − cppz

)
Js(z)dz+

∫rin/p

rsteiner
p

(
1 − cprsteiner

) rin − pz
rin − rsteiner

Js(z)dz

⎞

⎟
⎟
⎟
⎟
⎟
⎠

(9) 

2 The closed forms of SFcirc and SFsteiner for Js(r) distributions spanning the 
entire range of depths from cambium to Rcirc (as opposed to the range of depths 
from cambium to dsw) can be produced by simply removing the p scalars from 
Eqs. (7) and (8), respectively. If SFcirc and SFsteiner are modeled using Js(r) 
profiles not normalized to 1, the integral forms should be used instead of the 
closed forms.

3 SFcorr lacks a closed form as clean as those of SFcirc and SFsteiner for beta Js 
distributions due to its use of incomplete distributions.
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SFsteiner’s biases are positive but smaller than SFcirc’s, reaching +6% 
once trunk convexity drops below 0.94 and +15% once convexity rea
ches 0.68. In effect, SFsteiner slightly increased the range of trunk 
perimeter convexities for which SF can be estimated to within 5%.

SFcorr achieves the smallest overall biases, but with the widest con
fidence intervals due to the added uncertainty of modeling rsteiner and rin 
(Fig. 9). The only two trees for which SFcorr is biased beyond ±5% 
featured cp values of 0.68 and 0.74 and hrel values of 0.34 and 0.26, 
respectively, and bias for those two trees is still <7%. Importantly, the 
estimated confidence intervals for SFcorr bias nearly all include 
0 (Fig. 9a).

5. Discussion

5.1. The circular trunk assumption can severely bias sap flow estimates

Our simulations show that in real trunk cross sections with low 
perimeter convexity, the circular trunk assumption can produce 
extremely biased sap flow estimates for typical sap flux profiles.

In Fig. 6, example sap flux profiles 2 and 3 are fairly typical of dicot 
trees (Berdanier et al., 2016; Link et al., 2020). Profile 1 represents a 
nearly flat sap flux profile more typical of monocots (Roupsard et al., 
2006), but sometimes also observed in dicots (Link et al., 2020). If 
one takes the region of µ-K space represented by profiles 1–3 as the 

Fig. 6. Surface plots showing the SFcirc bias, (SFcirc− SFref)/SFref , for beta Js(r) distributions with different µ and K parameters. The color scale is clipped to ±0.5 for 
interpretability, but every plot features some area in which SFcirc bias exceeds +0.5. The black dashed contour on each plot denotes the set of parameters for which 
the bias equals zero (SFref = SFcirc). Black dotted contours denote the parameter sets for which bias is ±5%. Note that µ is the mean of the beta distribution on the 
relative radial depth (r) scale. Each plot represents a different tree from our dataset (trunk outlines not to scale). Open triangles denote the relativized inscribed circle 
radius (rin), or the relative depth beyond which annular areas are zero. Filled triangles represent rsteiner, the relative depth beyond which annular areas decay 
nonlinearly. Numbered labels represent the parameters of four example beta distributions displayed on the lower right.
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approximate range of plausible sap flux density profiles, the 
lowest-convexity trunk evaluated (cp = 0.68) could be overestimated by 
>50% or underestimated by >25%.

For more convex trunks (cp > 0.96), bias should be within 5% for 
most dicots, suggesting field measurements of both perimeter and 

convex hull perimeter (DBH*π) can immediately indicate the suitability 
of SFcirc for estimating sap flow.

Note that the theoretical lower limit for predicted sap flow bias, as 
defined as (SFpred− SFref)/SFref, equals (cp− 1)/(1− cpµ) for distributions of 
sap flux density normalized to integrate to 1 over r = [0,1] (see 
Appendix B). This limit may be useful to researchers evaluating the 
necessity of bias corrections.

5.2. Corrected sap flow models for irregular trunks

SFsteiner and SFcorr achieved smaller biases than SFcirc for the 33 
sampled Pisonia trunks (Fig. 9) and for large regions of the simulated sap 
flux profile space in Figs. 6 and 7.

While SFcorr is estimated with greater uncertainty than the other sap 
flow models due to its reliance on modeled rsteiner and rin, it is the only 

Fig. 7. As in Fig. 6, but for a. SFsteiner and b. SFcorr in six selected cross sections.

Table 1 
Cross-validation results for the five rsteiner models with the lowest AICc.

Regression family Terms r2 RMSE MAE AICc
Beta (logit-link) logit(cp) 0.930 0.076 0.052 − 73.8
Beta (logit-link) logit(cp) + ln(hrel) 0.933 0.075 0.051 − 72.7
Beta (logit-link) logit(cp) + logit(hrel) 0.932 0.075 0.052 − 72.3
Beta (logit-link) logit(cp) + hrel 0.928 0.077 0.052 − 71.2
Beta (logit-link) ln(hrel) 0.863 0.106 0.086 − 49.5

M.W. Burnett et al.                                                                                                                                                                                                                             Agricultural and Forest Meteorology 388 (2026) 111357 

9 



model for which the 95% confidence intervals for bias versus SFref 
included 0 for nearly all sampled Pisonia (Fig. 9a). SFcorr’s slight trend 
toward overestimation stems from the use of a linear function to 
approximate a mostly concave-up relative annular area function be
tween rsteiner and rin; this effect is magnified in less convex trunks 
(Fig. 4a).

The two Pisonia trunks for which SFcorr bias slightly exceeded 5% 
featured the lowest cp values observed (0.68 and 0.74) as well as rela
tively high hrel values (0.34 and 0.26). However, even greater hrel values 
(0.47 and 0.41) were observed in two trunks with cp values of 0.78 and 
0.85, yet SFcorr biases for those trunks were modest (0.6% and 3.6%, 
respectively). Thus, even very high hrel values seemed not to produce 
extreme SFcorr biases unless trunks also featured low perimeter 
convexities.

While SFcorr appears to be the most accurate sap flow model, its 
additional data requirement (hmax) must be kept in mind. For trees with 
sap flux concentrated near the cambium, the modest gains in accuracy 
over SFsteiner may not be worthwhile. Additionally, SFcorr’s reliance on 
empirical relationships derived from Pisonia (Eqs. (10)–(13)) means it 
may not be valid for trees whose morphologies diverge significantly 
from those displayed in Fig. 5 (see Section 5.5).

5.3. Topological change depth (rsteiner) and inscribed circle radius (rin) 
can be predicted from simple field measurements

To apply SFcorr to a real tree, both rin and rsteiner must be estimated. 
Eqs. (10) and (11) provide a strong predictive model of rsteiner for non- 
convex trunk cross sections using only two field measurements (perim
eter and DBH), while Eqs. (12) and (13) predict rin with just one addi
tional measurement (deepest concavity depth).

Contrary to our expectation, we found support for including deepest 
concavity depth as a predictor for rin but not for rsteiner. And even for rin, 

the improvement in model performance was minor (<0.2%, Table 2).
It is possible that the importance of deepest concavity depth for 

predicting rsteiner would be observed in a larger selection of tree trunk 
morphologies, and it is a relatively simple measurement to add to field 
surveys. However, for 33 trunks with quite variable morphologies, trunk 
perimeter was the single most useful field measurement to pair with 
DBH to facilitate sap flow estimation. An empirical model predicting rin 
without deepest concavity depth is available in Supplement 3, allowing 
SFcorr to be calculated without deepest concavity depth data.

It is possible that including other field measurements like cross 
sectional area could improve these empirical geometric models (see 
Supplement 5); here we have focused on measurements that are easy to 
acquire in the field.

5.4. Convexity and regularity in SF estimation

SFsteiner and SFcorr both use trunk perimeter convexity (cp) to correct 
SFcirc estimates for non-convex trunk cross sections. This approach has a 
sound theoretical basis in Steiner’s formulae (Gray, 2004), but ignores 
the fact that even convex polygons depart from Steiner’s formulae when 
eroded to sufficient depths if they are irregular (Appendix A.5).

A convex or near-convex trunk cross section could feature shallower 
rsteiner and rin than predicted by Eqs. (10)–(13) if it is significantly 
elongated in one direction, as in an ellipse. But the role of irregularity in 
drawing rsteiner and rin toward the cambium appears generally lesser than 
the role of concavities. Except in unlikely scenarios of significantly 
elongated, near-convex cross sections with very deep sap flow, SFsteiner, 
SFcorr, and the Pisonia-derived models for rsteiner and rin should remain 
useful.

5.5. Applicability to other species with irregular trunk morphologies

We cannot rule out the possibility that some species or individuals 
are morphologically different enough from Pisonia grandis to deviate 
from our proposed convexity threshold of 0.96 for applying SFcirc, or 
from the rsteiner and rin models we use to drive SFcorr. For instance, a 
highly elongated but nearly convex cross section may feature a con
vexity exceeding 0.96 but shallow rsteiner and rin, causing Eqs. (1) and (3)
to overestimate SF.

In general, we suggest users should exercise caution when applying 
the Pisonia-derived rsteiner and rin models to trunks with a high degree of 

Fig. 8. a. Observed and predicted rsteiner from the beta regression against logit-transformed convexity (cp) in Eq. (11). Shaded region is the 95% confidence interval 
for the mean predicted rsteiner. b. The multiple beta regression surface of predicted rin versus logit-transformed cp and the DBH-normalized deepest concavity depth 
(hrel) in Eq. (13). Observed rin are plotted as points with the same color scale as predicted rin. The grey region in the upper right is physically impossible space (see 
Supplement 4).

Table 2 
Cross-validation results for the five rin models with the lowest AICc.

Regression family Terms r2 RMSE MAE AICc
Beta (logit-link) logit(cp) + hrel 0.862 0.055 0.041 − 100.6
Beta (logit-link) logit(cp) + logit(hrel) 0.867 0.054 0.041 − 100.0
Beta (logit-link) logit(cp) + ln(hrel) 0.864 0.055 0.041 − 99.3
Beta (logit-link) logit(cp) 0.851 0.057 0.047 − 98.3
Beta (logit-link) ln(cp) + ln(hrel) 0.866 0.054 0.039 − 96.8

M.W. Burnett et al.                                                                                                                                                                                                                             Agricultural and Forest Meteorology 388 (2026) 111357 

10 



irregularity but relatively high convexity (see Section 5.4, Appendix 
A.5), as in a near-elliptical trunk cross section, and to trunks with 
extremely long and thin buttresses whose rsteiner and rin may be shallower 
than predicted by Eqs. (10)–(13). Both rsteiner and rin were significantly 
overestimated for an almost rectangular trunk cross section with 
abnormally high irregularity for its level of convexity (outliers visible in 
Fig. 8; the trunk is visible in Fig. 5, second from left in the bottom row).

However, we note that our sample of 33 Pisonia trunks included a 
wide diversity of forms, including near-circular cross sections, star- 
shaped buttresses, large lobes connected by thin isthmuses, and sharp- 
cornered polygons (Fig. 5). Although some trunks may deviate from 
these relationships derived from one species growing on one atoll, the 
strength of the relationships across diverse trunk shapes suggests that 
they can be applied to other species with careful consideration.

If there are doubts as to whether the aforementioned relationships 
are applicable to a particular species—one with extremely thin and long 
root buttresses, for instance (Newbery et al., 2009)—this paper has also 
provided a workflow by which new rsteiner and rin relationships could be 
parameterized from a sample set before being deployed broadly to a 
larger population of the species. SFsteiner may also provide accurate es
timates of sap flow without relying on Pisonia-based empirical re
lationships if sap flux is demonstrably shallow relative to the diameter of 
the tree.

5.6. Sensitivity to measurement methods

When collecting perimeter and DBH data in the field for the purposes 
of quantifying trunk perimeter convexity, care must be taken to draw the 
taut diameter tape and flexible perimeter tape as straight as possible at 
precisely the same height on the tree. At our convexity threshold of 0.96, 
a trunk with a 31.8 cm DBH would have a perimeter of 100 cm and a 
convex hull perimeter of 96 cm. While a 4 cm difference is certainly 
detectable, it is of the same magnitude as errors that could stem from 
crooked or mislocated tape measurements.

To remain consistent with the assumptions of this study, all “radial” 
measurements (dsw, Js) should be considered locally perpendicular to the 
trunk’s exterior and azimuthally invariant. This interpretation is 
consistent with the typical installation method of sap flow sensor probes 
and with recommended sampling strategies (Komatsu et al., 2017), 
though the consistency of radial sap flux density profiles in tree but
tresses has yet to be rigorously tested. Further research into the 
azimuthal variability of sap flux in irregular trunks and the integration 
of this variability into the proposed trunk irregularity corrections is 
needed.

If our morphometric erosion protocol is used to model SFref (see 
Section 3.2), attention must also be paid to the method of trunk digiti
zation. We recommend resampling digitized polygons with 2 mm or 

Fig. 9. a. Estimated biases of SFcirc, SFsteiner, and SFcorr versus SFref for 33 Pisonia grandis trees sorted in order of decreasing convexity (cp). Colored bars are 95% 
confidence intervals. b. SF predicted by the three models versus SFref for the same 33 trees; units are arbitrarily scaled but consistent across axes. Error bars represent 
95% confidence intervals calculated independently for each axis. The black dashed line represents perfect predictive accuracy (1:1).
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similar point spacing because inconsistent point densities could bias the 
computation of perimeter.

6. Conclusions

We recommend researchers follow this workflow to properly address 
SF upscaling in irregular or buttressed tree trunks (Fig. 1):

1. For irregularly shaped tree trunks, measure cross-sectional 
perimeter (P0) as well as hull perimeter (Ph) at the same height as the 
sap flow sensor (if this height is 1.3 m, measuring Ph is equivalent to 
measuring DBH).

2. Estimate sapwood depth (dsw) from increment cores or sap flow 
sensor data. Orient cores and sap flow probes perpendicular to the bark 
to remain consistent with this study’s assumptions.

3. Calculate perimeter convexity (cp = (DBH*π)/P0): 

a. If cp ≥ 0.96, use SFcirc (probably within ±5% of true sap flow); go 
to Step 5.

b. If cp < 0.96, go to Step 4.

4. Estimate rsteiner from cp (Eq. (10)): 

a. If sap flux only occurs shallower than rsteiner, use SFsteiner; go to Step 5.
b. If sap flux may occur beyond rsteiner, measure deepest concavity depth 

(hmax) in the field, estimate rin (Eq. (12)), and use SFcorr; go to Step 5.

5. If dsw scales linearly with diameter, or if trunk diameter variations 
are not relevant to the study, use relative radius-parametrized SF 
models: 

a. SFcirc: Eq. (1)
b. SFsteiner: Eq. (2)
c. SFcorr: Eq. (3)

6. If dsw scales nonlinearly with diameter, measure or model dsw for 
each individual and use relative sapwood depth-parametrized SF 
models: 

a. SFcirc: Eq. (5)
b. SFsteiner: Eq. (6)
c. SFcorr: Eq. (9)

If trunk cross sections deviate significantly from the range of mor
phologies present in Fig. 5 (e.g. extremely thin buttresses or elongated 
high-convexity shapes), Eqs. (10)–(13) may not be valid. The convexity 
threshold of 0.96 may also fail to constrain SFcirc bias to ±5%. In these 
cases, the non-empirical SFsteiner model may still be used if sap flux is 

concentrated at shallow depths. Otherwise, consider digitizing trunk 
cross sections and spatially estimating SFref as in Section 3.2.

Alongside this study we are providing an R package, “sapscaleR”, 
that allows users to generate SFcirc, SFsteiner, and SFcorr from specified sap 
flux profiles and trunk measurements. The package can be downloaded 
at https://github.com/m1burnett/sapscaleR, or from the permanent 
Dryad repository that includes the data and code used in this paper 
(https://doi.org/10.5061/dryad.x0k6djj0n).
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Appendix A: Deriving SFcirc, SFsteiner, and SFcorr

Consider a perfectly circular trunk cross section with radius Rcirc. Its circumference P0 is: 

P0 = 2πRcirc (A1) 

Let t denote an absolute inward radial distance such that R(t), A(t), and P(t) equal the radius, area, and circumference of the circle obtained by 
morphologically eroding the original circle by offset distance t. Let Js(t) be the sap flux density for depth t.

A.1. Steiner’s formulae and thin annuli

Steiner’s formulae for parallel convex sets present A(t) and P(t) as Eqs. (A2) and (A3), respectively (Gray, 2004). These formulae are exact for 
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circles: 

A(t) = A0 − P0t + πt2 (A2) 

P(t) = P0 − 2πt (A3) 

If circle A is the original circle eroded to depth t, and circle B is the original circle eroded to depth t+Δ, subtracting B from A would produce an 
annulus of thickness Δ and outer edge depth t. Its area, a(t), can be calculated for any convex polygon with Eq. (A4): 

a(t) = A(t) − A(t + Δ) = P(t)Δ − πΔ2 (A4) 

A.2. Computing SF across absolute radial depths

SF ≈
∑

t∈{0,Δ,2Δ,…}

Js(t)a(t) (A5) 

This is a Riemann sum approximating the following integral: 

SF =
1
Δ

∫Rcirc

0

Js(t)a(t)dt (A6) 

Substituting Eq. (A4) into Eq. (A6): 

SF =

∫Rcirc

0

Js(t)
P(t)Δ − πΔ2

Δ
dt =

∫Rcirc

0

Js(t)(P(t) − πΔ)dt (A7) 

As Δ approaches 0, Eq. (A7) reduces to: 

SF ≈

∫Rcirc

0

Js(t)P(t)dt (A8) 

Intuitively, for tiny Δ, the Δ2 term in Eq. (A4) becomes negligible, so annulus area can be approximated by the perimeter times Δ. Δ can also be 
written as dt, so Eq. (A8) is simply multiplying annulus areas by their corresponding sap flux densities, as in Eq. (A5).

A.3. Computing SF across relative radial depths

Now we adopt the terminology of (Link et al., 2020), who define r as the relative radial depth from the cambium (at r = 0) to the center of the trunk 
(at r = 1): 

r =
t

Rcirc
, r ∈ [0,1] (A9) 

In terms of relative depth r, Eq. (A8) becomes: 

SF = Rcirc

∫1

0

Js(r)P(r ∗ Rcirc)dr (A10) 

Plugging in Eq. (A3) yields: 

SF = Rcirc

∫1

0

Js(r)(P0 − 2πrRcirc)dr (A11) 

And for a circle, P0=2πRcirc: 

SFcirc = Rcirc

∫1

0

Js(r)(2πRcirc − 2πrRcirc)dr = 2πRcirc
2
∫1

0

Js(r)(1 − r)dr (A12) 

Eqs. A12 is the time-invariant form of Eq. (A5) in (Link et al., 2020). Within the integrand, Js(r) is now multiplied by a dimensionless annulus area 
density function—in a circle’s case, (1− r)—while the 2πRcirc

2 prefactor provides the area scaling now absent from the integrand.

A.4. Dimensionless annular area density, g(r)

We term this dimensionless annulus area density function g(r), and it represents the area of the annulus at relative depth r divided by the area of the 
outermost annulus of equal width: 

g(r) =
a(r)
a(0)

(A13) 
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Plugging Eq. (A4) into Eq. (A13), we find that for small Δ, g(r) can be approximated by a ratio of perimeters: 

g(r) =
P(r ∗ Rcirc)Δ − πΔ2

P0Δ − πΔ2 ≈
P(r ∗ Rcirc)

P0
(A14) 

In the special case of a circle, using Eq. (A3) in Eq. (A14) verifies the dimensionless area slope used in Eq. (A12): 

gcirc(r) ≈
P0 − 2π(r ∗ Rcirc)

P0
=

P0 − rP0

P0
= 1 − r (A15) 

Thus for a perfect circle, the relative annular area decreases linearly from 1 to 0 as r increases from 0 to 1. But as we will see below, g(r) differs for 
irregular and non-convex shapes.

A.5. Applying SFcirc to an irregular, convex trunk cross section

Now consider a trunk cross section that is an irregular, but still convex, polygon. This cross section has perimeter P0 and an assumed circle of radius 
Rcirc whose circumference equals P0 (Fig. A1). Crucially, relative radial depth (r) will continue to be calculated in terms of Rcirc.

Fig. A1. A theoretical irregular, convex trunk cross section (in this case an ellipse) and its annular SF approximation compared to that of its assumed circle. The 
circle’s circumference (Pcirc) equals the elliptical trunk’s perimeter (P0), which is equal to its hull perimeter because it is convex. All annuli possess equal thickness in 
both the ellipse and circle. The radius of the largest possible inscribed circle (Rin) represents the maximum erosion depth possible for a shape (note the ellipse 
possesses fewer annuli than the circle; no annuli are possible beyond Rin, which must be less than Rcirc). The approximate depth of topological collapse (Rsteiner) is 
represented by the black dashed annulus boundary in the upper right diagram; the annulus at the same absolute depth is depicted in black in the SFcirc model for 
reference despite no topological collapse occurring in a perfect circle. Erosion beyond Rsteiner results in topological changes like new sharp corners, causing eroded 
annulus areas and perimeters to diverge from Steiner’s formulae.
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In keeping with our assumption of azimuthally invariant Js profiles (which we treat as representing the inward normal from any point on the 
cambium), we continue with our constant-width annulus-based model of Js variability. But when eroding an irregular polygon in this manner, it will 
cease to exist before t reaches Rcirc, meaning a(r) and g(r) will abruptly drop to 0 at some r between 0 and 1.

This total annular area collapse occurs once t equals the radius of the largest circle that can possibly be inscribed within the polygon (Rin). 
Functionally, Rin is the shortest distance between the original polygon boundary and the smallest polygon possible from a constant-offset erosion.

But even before the constant-offset erosion reaches Rin, an important topological process is visible in the ellipses of Fig. A1. Once the erosion 
reaches the black dashed annulus boundary, sharp corners develop in the previously smooth boundaries, causing a topological change and divergence 
from Steiner’s formulae (Eqs. (A2), (A3)) .4 We term this depth Rsteiner, or rsteiner ∈ (0,1) in its relativized form.

Eq. (A14) is therefore valid for any convex polygon, but only for t ≤ Rsteiner (or r ≤ rsteiner, where rsteiner is Rsteiner/Rcirc). So the SFcirc model in Eq. 
(A12) will produce reasonable estimates of SF in a convex, irregular polygon as long as Js(r) is insignificant at r > rsteiner. Fortunately, for most 
plausible trunk cross sections that are irregular but totally convex, rsteiner will be relatively deep.

A.6. Correcting SFcirc for non-convex trunk cross sections

Now consider a non-convex polygon representing a trunk cross section (Fig. 3). The true perimeter of this polygon is P0. The polygon’s assumed 
circle features radius Rcirc and circumference Pcirc = Ph, as would be measured by a taut diameter tape.

Here we introduce perimeter convexity (cp), which quantifies the degree to which a shape’s perimeter departs from that of its convex hull (Zunic 
and Rosin, 2004): 

cp =
Ph

P0
(A16) 

To calculate SF for the non-convex polygon, the slope of g(r) must be modified. We define gsteiner(r) as the dimensionless annular area density of a 
non-convex polygon. Recall that r is defined using the shape’s assumed circle, so regardless of the actual nature of the trunk cross section, 2πRcirc equals 
Ph: 

gsteiner(r) ≈
P0 − 2π(r ∗ Rcirc)

P0
=

P0 − rPh

P0
= 1 − r

Ph

P0
= 1 − cpr (A17) 

Essentially, cp corrects the slope of g(r), allowing gsteiner(r) to approximate the relative areas of non-convex annuli.
But in addition to correcting the slope of g(r), the prefactor in Eq. (A12) must be modified to properly scale sap flow across the non-convex trunk 

cross section. To derive this prefactor, g(r) can be written explicitly into the integrand of Eq. (A10) by dividing by P0: 

SF = Rcirc

∫ 1

0
Js(r)P(r ∗Rcirc)dr = P0Rcirc

∫ 1

0
Js(r)

P(r ∗ Rcirc)

P0
dr

⏟̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅ ⏟
g(r)

(A18) 

Substituting Eq. (A17) into Eq. (A18) yields a corrected formula for estimating SF in non-convex trunk cross sections. We call this estimate SFsteiner 
because it originates from Steiner’s formulae (Eqs. (A2), (A3)): 

SFsteiner =
2πRcirc

2

cp

∫1

0

(
1 − cpr

)
Js(r)dr (A19) 

However, as was the case for irregular convex polygons, Steiner’s formulae (and thus gsteiner(r) in Eq. (A17)) are only valid in non-convex polygons 
for r ≤ rsteiner, meaning Eq. (A19) only provides useful estimates of SF when Js is concentrated in the outer regions of the trunk. This is true of 
many dicot trees, but with exceptions (Berdanier et al., 2016; Link et al., 2020).

While SFsteiner is only accurate where g(r) can be approximated by Eq. (A17) (i.e. for r ≤ rsteiner), a more complete correction of SFcirc can be achieved 
with knowledge of both rsteiner and rin. Between these depths, g(r) decreases monotonically to zero (Fig. 4). By assuming a linear decrease from g(rsteiner) 
to g(rin)=0, we can produce a model of g(r) spanning r ∈ (0,1), hereafter called gcorr(r): 

gcorr(r) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1 − cpr, 0 < r ≤ rsteiner

(
1 − cprsteiner

) rin − r
rin − rsteiner

, rsteiner < r < rin

0, rin ≤ r < 1

(A20) 

Accordingly, corrected sap flow (SFcorr) can be calculated using Eq. (A21): 

SFcorr =
2πRcirc

2

cp

⎛

⎜
⎝

∫rsteiner

0

(
1 − cpr

)
Js(r) dr +

∫rin

rsteiner

(
1 − cprsteiner

) rin − r
rin − rsteiner

Js(r) dr

⎞

⎟
⎠ (A21) 

4 Such topological change events occur at interior vertices of the polygon’s medial axis (Dorado, 2009): If one imagines erosion as an inward-propagating 
wavefront or grass fire, the medial axis marks the points at which the wavefront’s topology changes significantly (Blum, 1967). Before the wavefront reaches the 
axis, all annuli are locally parallel to their neighboring annuli and Steiner’s formulae (Gray, 2004) are valid. Once the wavefront crosses it, either a wavefront 
segment will collapse to zero length or two non-adjacent wavefront segments will become tangent, invalidating Steiner’s formulae. Even with a well-described trunk 
cross section, the computation of significant medial axis vertices is unstable (Attali et al., 2009; Chambers et al., 2022).
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Appendix B: An upper bound on sap flow bias for normalized sap flux profiles

Imagine a non-convex polygon with area A0, perimeter P0, convex hull perimeter Ph, perimeter convexity cp=Ph/P, and assumed circle radius 
Rcirc = Ph/(2π). For t ≤ Rsteiner, Steiner’s formulae (Gray, 2004) provide the area of the eroded shape A(t) as: 

A(t) = A0 − P0t + πt2 (B1) 

Differentiating Eq. (B1) yields the rate of area loss per unit depth at depth t. This equation will naturally yield negative values; multiplying by − 1 
produces the annular area density per unit t: 

−
dA(t)

dt
= P0 − 2πt (B2) 

Near the boundary where t is approximately 0, the annular area − dA(t) becomes approximately P0*dt (original perimeter times annulus thickness). 
As the erosion moves inward and t increases, curvature reduces the available length at a rate of 2πt.

In terms of relative depth r=t/Rcirc and dt=Rcircdr, annular area density per unit r is: 

−
dA(r)

dr
= Rcirc(P0 − 2πrRcirc) (B3) 

And for the circle with circumference Ph, 

−
dAcirc(r)

dr
= Rcirc(Ph − 2πrRcirc) (B4) 

Now define q(r) as the ratio between the shape’s local annular area density and that of the assumed circle: 

q(r) = −
dA(r)

dr

/

−
dAcirc(r)

dr
=

Rcirc(P0 − 2πrRcirc)

Rcirc(Ph − 2πrRcirc)
=

1 − cpr
cp(1 − r) (B5) 

Note that in this non-convex polygon, Eq. (B1) is only valid for r ≤ rsteiner. In reality, r will cross rsteiner eventually and self-intersections will form, 
causing annular areas for the polygon (the numerator in q(r)) to fall below the line presented in Eq. (B5). Eq. (B5) can therefore be considered an upper 
bound for the q(r) of any polygon.

This theoretical upper-bound q(r) can be visualized in Fig. 4a: for any of the 33 polygons, the portion of the function to the left of the rsteiner cusp 
shows the upper bound given in Eq. (B5), but every polygon’s relativized annular area density eventually falls below its line’s continuation.

Now consider the whole-tree SFcirc bias, which can be calculated as: 

SFcirc − SFref

SFref
=

∫ 1
0 (1 − r)Js(r)dr −

∫ 1
0 (1 − r)Js(r)q(r)dr

∫ 1
0 (1 − r)Js(r)q(r)dr

(B6) 

Maximizing q(r) will minimize (SFcirc− SFref)/SFref. Since Eq. (B5) provides an upper bound for q(r), Eq. (B6) really provides a lower bound for SF 
bias: 

BiasSF ≥

∫ 1
0 (1 − r)Js(r)dr −

∫ 1
0 (1 − r)Js(r)q(r)dr

∫ 1
0 (1 − r)Js(r)q(r)dr

(B7) 

For any Js(r) distribution normalized to integrate to 1 from r = 0 to r = 1, 

∫1

0

(1 − r)Js(r)dr = 1 − μ (B8) 

where µ is the mean of the distribution. Plugging this equivalency into the bias equation yields: 

BiasSF ≥

1 − μ −
∫ 1

0 (1 − r)Js(r)
(

1 − cpr
cp(1 − r)

)

dr

∫ 1
0 (1 − r)Js(r)

(
1 − cpr

cp(1 − r)

)

dr
=

1 − μ −
∫ 1

0 Js(r)
(

1 − cpr
cp

)

dr

∫ 1
0 Js(r)

(
1 − cpr

cp

)

dr

=

1 − μ −
1
cp

∫ 1
0 Js(r)

(
1 − cpr

)
dr

1
cp

∫ 1
0 Js(r)

(
1 − cpr

)
dr

=

1 − μ −
1
cp

(
1 − cpμ

)

1
cp

(
1 − cpμ

) =
cp − 1
1 − cpμ

(B9) 

For any polygon of given cp and µ, BiasSF will never be lower (more negative) than the result of Eq. (B9). This lower bound may be useful to evaluate 
the necessity of bias corrections for a new tree with a known cp and beta-shaped Js profile. For cp sufficiently close to 1 and/or µ sufficiently close to 0, 
worst-case overestimation may be relatively small (Fig. B1). 
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Fig. B1. Lower bounds of circular assumption sap flow bias for trunk cross sections of various cp across the entire range of possible distribution means (µ), with 
0 representing the cambium and 1 the assumed circle radius (Rcirc).

Data availability

The data and scripts used in this study are available from Dryad 
(https://doi.org/10.5061/dryad.x0k6djj0n). We also provide an R 
package, sapscaleR, at https://github.com/m1burnett/sapscaleR.
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doi.org/10.1007/978-3-0348-7966-8_10.

Green, S.R., Clothier, B.E., 1988. Water use of kiwifruit vines and apple trees by the heat- 
pulse technique. J. Exp. Bot. 39 (198), 115–123. https://doi.org/10.1093/jxb/ 
39.1.115.
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